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Abstract. Let C be a fusion category faithfully graded by a finite group G 
and let "D be the trivial component of this grading. The center Z{C) of C is 
shown to be canonically equivalent to a G-equivariantization of the relative 
center Z-piC). We use this result to obtain a criterion for C to be group- 
theoretical and apply it to Tambara-Yamagami fusion categories. We also find 
several new series of modular categories by analyzing the centers of Tambara- 
Yamagami categories. Finally, we prove a general result about existence of 
zeroes in S-matrices of weakly integral modular categories. 
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1. Introduction 

Throughout the paper we work over an algebraicaUy closed field k of charac- 
teristic 0. All categories considered in this paper are finite, Abelian, semisimple, 
and fc-linear. We freely use the language and basic theory of fusion categories, 
module categories over them, braided categories, and Frobenius-Perron dimensions 
[BK, O, ENOl]. 

Let G be a finite group. A fusion category C is G-graded if there is a decompo- 
sition 

geG 

of C into a direct sum of full Abelian subcategories such that the tensor product of 
C maps Cg X Ch to Cgh, for all g,h G G. A G-extension of a fusion category D is a 
G-gradcd fusion category C whose trivial component Cg, where e is the identity of 
G, is equivalent to V. 

Gradings and extensions play an important role in the study and classification 
of fusion categories. E.g.. nilpotent fusion categories (i.e., those categories that 
can be obtained from the trivial category by a sequence of groups extensions) were 
studied in [GN]. It was proved in [ENOl] that every fusion category of prime power 
dimension is nilpotent. Group-theoretical properties of such categories were studied 
in [DGNO]. Recently, fusion categories of dimension ^"9™, where p, q are primes, 
were shown to be Morita equivalent to nilpotent categories [EN03]. 

The main goal of this paper is to describe the center Z{C) of a G-gradcd fusion 
category C in terms of its trivial component V (Theorem 3.5) and apply this de- 
scription to the study of structural properties of C and construction of new examples 
of modular categories. 

The organization of the paper is as follows. In Section 2 we recall some ba- 
sic notions, results, and examples of fusion categories, notably the notions of 
the relative center of a bimodule category [Ma], group action on a fusion cate- 
gory and crossed product [Ta2] , equivariantization and de-equivariantization theory 
[AG, Br, G, Ki, Mul, DGNO], and braided G-crossed fusion categories [Tul, Tu2]. 

In Section 3 we study the center Z(C) of a G-graded fusion category C. We 
show that if 2? is the trivial component of C, then the relative center Zxi{C) has a 
canonical structure of a braided G-crossed category and there is an equivalence of 
braided fusion categories Z-piC)^ = Z{C) (Theorem 3.5). Thus, the structure of 
Z{C) can be understood in terms of a smaller and more transparent category Z-d (C). 
In particular, there is a canonical braided action of G on ZCD)^. In Corollary 3.10 
we use this action to prove that C is group-theoretical if and only if Z(T>) contains 
a G-stable Lagrangian subcategory. As an illustration, we describe the center of a 
crossed product fusion category C = X> x G. 

We apply the above results in Section 4 to the study of Tambara-Yamagami 
categories [TY] . We obtain a convenient description of the centers of such categories 
as equivariantizations and compute their modular data, i.e., S- and T-matrices. 
This computation was previously done by Izumi in [I] using different techniques. 
We establish a criterion for a Tambara-Yamagami category to be group-theoretical 
(Theorem 4.6) . We also extend the construction of non group- theoretical semisimple 
Hopf algebras from Tambara-Yamagami categories given in [Ni]. 



This action is studied in detail in [EN03]. 
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In Section 5 we construct a series of new modular categories as factors of the 
centers of Tambara-Yamagami categories. Namely, one associates a pair of such 
categories £{q, ±) with any non-degenerate quadratic form q on an Abelian group 
A of odd order. The categories £{q, ±) have dimension 4|A|. They are group- 
theoretical if and only if A contains a Lagrangian subgroup with respect to q. We 
compute the S- and T- matrices of £{q, ±) and write down several small examples 
explicitly. 

Section 6 is independent from the rest of the paper and contains a general re- 
sult about existence of zeroes in ^-matrices of weakly integral modular categories 
(Theorem 6.1). This is a categorical analogue of a classical result of Burnside in 
character theory. 
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partially supported by the Israel Science Foundation (grant No. 125/05). The 
research of D. Nikshych was supported by the NSA grant H98230-07- 1-0081 and 
the NSF grant DMS-0800545. 



2. Preliminaries 
Below we recall several constructions and results used in the sequel. 

2.1. Dual fusion categories and Merita equivalence. Let C be a fusion cate- 
gory and let M be an indecomposable right C-module category A4. The category 
CJJ^ of C-module endofunctors of A4 is a fusion category, called the dual of C with 
respect to M (see [ENOl, O]). 

Following [Mu3] , we say that two fusion categories C and V are Morita equivalent 
if V is equivalent to Cj^ , for some indecomposable right C-module category A4 . A 
fusion category is said to be pointed if all its simple objects are invertible (any 
such category is equivalent to the category Vecg of vector spaces graded by a finite 
group G with the associativity constraint given by a 3-cocylce oj G Z'^{G, k^))- 
A fusion category is called group-theoretical if it is Morita equivalent to a pointed 
fusion category. See [O, ENOl, Ni] for details of the theory of group- theoretical 
categories. 

2.2. The center of a bimodule category and the relative center of a fusion 
category. Let C be a fusion category with unit object 1 and associativity constraint 
ax,Y,z : (X (g) F) Z ^ X (y Z) and let be a C-bimodule category. 

Definition 2.1. The center of A4 is the category Zc{M) of C-bimodule functors 
from C to M. 

Explicitly, the objects of Zc{-M.) are pairs (M, 7), where M is an object of M. 
and 



(1) 



7 = {7x:X0M^M0 X}xec 
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is a natural family of isomorphisms making the following diagram commutative: 
(2) 



X o (M o y) 



(X o M) o y 



X(g){Y(g)M) 




{M(g)X)(g)Y 



(X ® F) ® M 

where a's denote the associativity constraints in A4. 

Indeed, a C-bimodule functor : C ^ is completely determined by the pair 
{F{1), {'yx}xec), where 7 = {'yx}xec is the collection of isomorphisms 

7x : X (g) ^ F{X) ^ F{1) O X 

coming from the C-bimodule structure on F. 

We will call the natural family of isomorphisms (1) the central structure of an 

object X e ZciM). 

Remark 2.2. (i) The definition of the center of a bimodule category is parallel 
to that of the center of a bimodule over a ring. 

(ii) We will often suppress the central structure while working with objects of 
2c{M) and refer to (M, 7) simply as M. 

(iii) Zc{A4) is a semisimple Abelian category. It has an obvious canonical struc- 
ture of a Z(C)-modulc category, whore Z{C) is the center of C (see e.g., [K, 
Section XIII.4] for the definition of Z(C)). 

Here is an important special case of the above construction. Let C be a fusion 
category and let "D C C be a fusion subcategory. Then C is a "D-bimodule category. 
We will call Zxi{C) the relative center of C. 

Remark 2.3. The aforementioned construction of relative center is a special case 
of a more general construction considered by Majid in [Ma] (see Definition 3.2 and 
Theorem 3.3 of [Ma]). 

It is easy to see that Zt){C) is a tensor category with tensor product defined as 
follows. If {X, 7) and {X', 7') are objects in Zjj{C) then 

{X, 7)®(X', 7') := (X®X',7), 

{X (g) X') (g) V, V € V, is defined by the following 



where 7y : F O (X O X') 
diagram: 



(3) y O (X O X') 



(X()()X')®V- 



V,X,XI 



(F O X) X' ■ 



x,x' ,v 



■ X ® (X' ® ■ 



(X o y) o X' 



7v 



■X()t){V®X'). 



The unit object of Z-d{C) is (1, id). The dual of (X, 7) is (X*, 7), where 7^ := 
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Remark 2.4. Let C and V be as above. 

(i) Zx>{C) is dual to the fusion category V lEl C**"^ (where C'^^ is the fusion 

category obtained from C by reversing the tensor product and Kl is Deligne's 
tensor product of fusion categories) with respect to its module category C, 
where V and C**"^ act on C via the right and left multiplication respectively. 
In particular, Z-plC) is a fusion category. 

(ii) FPdim(Zi,(C)) = FPdim(C) FPdim(I?), where FPdim denotes the Frobenius- 
Perron dimension of a category. 

(iii) Zc{C) coincides with the center 2{C) of C. This category has a canonical 
braiding given by 



2.3. Centralizers in braided fusion categories. Let C be a braided fusion cate- 
gory with braiding c. Two objects X and F of C are said to centralize each other 
[Mu2] if CY,xCx,Y = idx0Y- 

For any fusion subcategory D C C its centralizer V is the full fusion subcategory 
of C consisting of all objects X d C which centralizes every object in V. The 
category C is said to be non- degenerate if C = Vec. In this case one has V" = V 
[Mu2]. If C is a pre- modular category, i.e., has a spherical structure, then it is 
non-degenerate if and only if it is modular. 

A braided fusion category £ is called Tannakian if it is equivalent to the repre- 
sentation category Rep(G) of a finite group G as a braided fusion category. Here 
Rep(G) is considered with its standard symmetric braiding. The group G is defined 
by £ up to an isomorphism [D]. 

A fusion subcategory £ of a braided fusion category is called Lagrangian if it is 
Tannakian and C = £' . 

Theorem 2.5 ([DGNO]). A fusion category C is group-theoretical if and only if 

Z{C) contains a Lagrangian subcategory. 

2.4. Group actions on fusion categories and equivariantization. Let G be a 
finite group, and let G denote the monoidal category whose objects arc elements of 
G, morphisms are identities, and the tensor product is given by the multiplication 
in G. Recall that an action of G on a fusion category C is a monoidal functor 

G Autjj: (C) : g ^ Tg. For any g,h E G, let jg^h be the isomorphism TgoTh — Tgh 
that defines the monoidal structure on the functor G Aut(g,(C). 

Definition 2.6. A G-equivariant object in C is a pair {X, {wglgGc) consisting of an 
object X of C together with a collection of isomorphisms Ug : Tg{X) ~ X, 5 e G, 
such that the diagram 



(5) 



(4) 



(iv) 



Hx,j),iX',Y) = IX' ■■ {X, 7) ® iX', 7') ^ {X', 7') ® [X, 1). 
There is an obvious forgetful tensor functor: 

Z{C) ^ Zv{C) : {X, 7) ^ (X, 7I2,). 



Tg{Th{X)) 



^Tg{X) 



Ug 



Tgh{X) 



I) 



X 



commutes for all g,h € G. One defines morphisms of equivariant objects to be 
morphisms in C commuting with Ug, g G G. 
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Equivariant objects in C form a fusion category, called the equivariantization of 
C and denoted by , see [Ta2, AG, G]. One has FPdini(C<^) = \G\ FPdim(C). 

There is another fusion category that comes from an action of G on C. It is the 
crossed product category C x G defined as follows, see [Ta2, Ni]. As an Abelian 
category, C x G := C Kl Vecc, where Vccg denotes the fusion category of G-graded 
vector spaces. The tensor product in C xi G is given by 

(6) {X M g) ® {Y M h) := {X ® Tg{Y)) M gh, X,YeC, g,heG. 

The unit object is 1 lEl e and the associativity and unit constraints come from those 
of C. Clearly, C x G is faithfully G-graded with the trivial component C. 
It was explained in [Ni] that C is a right C xi G-module category via 

y(g)(XKl<7) :=Tg-i(y0X) 

and the corresponding dual category (C xi G)J is equivalent to C*^. It follows from 
[Mu3] that there is an equivalence of braided fusion categories 

Z{C X G)'^Z{C^). 

Let G be a finite group. For any conjugacy class of G fix a representative 
uk € K. Let Gk denote the centralizer of ax in G. 

Proposition 2.7. Let C = ^g^Q Cg he a G-graded fusion category with an action 
g ^ Tg of G on C such that Tg carries Ch to Cghg-i . Let H :^ {g ^ G \ Cg ^ 0}. 
There is a hijection between the set of isomorphism classes of simple objects of C'^ 
and pairs (K. X), where K c H is a conjugacy class of G and X is a simple 

Gk -equivariant object ofCa^- 

Proof. A simple G-equivariant object of C must be supported on a single conjugacy 
class K. Let Y = (Bg^K Yg be such an object. Then Ya^. is a simple G/f-equivariant 
object. 

Conversely, given a Gx-equi variant object X in Co^ let 

F = 0r,(x), 

h 

where the summation is taken over the set of representatives of cosets of Gk in G. 
It is easy to sec that Y acquires the structure of a simple G-equivariant object. 
Clearly, the above constructions are inverses of each other. □ 

Remark 2.8. The Frobenius-Perron dimension of the simple object corresponding 
to a pair {K, X) in Proposition 2.7 is \K\ FPdim(X). 

2.5. De-equivariantization of fusion categories. Let C be a fusion category. 
Let £ = Rep(G) be a Tannakian category along with a braided tensor functor 
£ — > Z{C) such that the composition £ — > Z{C) — > C (where the second arrow is 
the forgetful functor) is fully faithful. The following construction was introduced 
by Bruguieres [Br] and Miiger [Mul]. Let A := Fun(G) be the algebra of functions 
on G. It is a commutative algebra in £, hence, its image is a commutative algebra 
in Z{C). This fact allows to view the category Cg of A- modules in C as a fusion 
category, called de-equivariantization of C. There is a canonical surjective tensor 
functor 



(7) 



F -.C^Cg-.X^ A(^X. 
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It was explained in [Mul, DGNO] that the group G acts on Cg by tensor auto- 
equivalences (this action comes from the action of G on A by right translations). 
Furthermore, there is a bijection between subcategories of C containing the image of 
£ = Rep(G) and G-stable subcategories of Cq- This bijection preserves Tannakian 
subcategories. 

The procedures of equivariantization and de-equivariantization are inverses of 
each other, i.e., there are canonical equivalences {Cq)'^ — C and {C^)g — C. 

In particular, the above construction applies when C is a braided fusion category 
containing a Tannakian subcategory £ = Rep(G). In this case the braiding of 
C gives rise to an additional structure on the de-equivariantization functor (7). 
Namely, there is natural family of isomorphisms 

(8) X O F{Y) ^ F{Y) OX, X&Cg,Y &C, 

satisfying obvious compatibility conditions. In other words, F can be factored 
through a braided functor C Z(Cg), i.e., is a central functor. 

If 5 C C then Cg is a braided fusion category with the braiding inherited from 
that of C. li £ = C, the category Cg is non-degenerate (in the presence of a 
spherical structure this category is called the modularization of C by f [Br, Mul]). 

Remeirk 2.9. The category Cq is not braided in general. However it does have 
an additional structure, namely it is a braided G-crossed fusion category. See Sec- 
tion 2.6 below for details. 

2.6. Braided G-crossed categories. Let G be a finite group. Kirillov Jr. [Ki] 
and Miiger [Mu4] found a description of all braided fusion categories T> containing 
Rep(G). Namely, they showed that the datum of a braided fusion category V 
containing Rep(G) is equivalent to the datum of a braided G-crossed category C, 
see Theorem 2.12. The notion of a braided G-crossed category is due to Turaev 
[Tul, Tu2] and is recalled below. 

Definition 2.10. A braided G-crossed fusion category is a fusion category C equip- 
ped with the following structures: 

(i) a (not necessarily faithful) grading C = ©ggc^g, 

(ii) an action g ^ Tg oi G on C such that Tg{Ch) C Cgf^g-i, 

(iii) a natural collection of isomorphisms, called the G-braiding: 

(9) cx,r : ^ O ^ Tg(F) O X, X G Cg, g G G a.nd Y G C. 

Let jg^h '■ TgTh Tgh denote the tensor structure of the functor g ^ Tg and let 

Hg denote the tensor structure of Tg. 

The above structures are required to satisfy the following compatibility condi- 
tions: 
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(a) the diagram 
(10) T,(X)®T,(F) 

Tg{cx.Y) 

Tg{n{Y)<3X) 



(y'9)Tg(Y),X 



• T,^,-i(r,(r))®r,(x) 

Tgh{Y)®Tg{X) 

{lg,h)Y®iATg(X) 

^Tg{Th{Y))®T,{X), 



commutes for all g,h G G and objects X G Ch, Y gC, 
(b) the diagram 



(11) 




(/'s)y,z®'dx 

{Tg{Y)^Tg{Z))^X- 



{Tg{Y) X) Z 



0'Tg(Y),X,Z 



Tg{Y) {X Z) 



OlTg(Y),Tg(Z),X 



id 



Tg(_Y) ®CX,Z 



■Tg{Y)®{Tg{Z)®X) 



commutes for all <? G G and objects X G Cg,Y,Z G C, and 
(c) the diagram 



(12) 



X (y z) 



Jdx ®cr,z 



{X®Y)®Z 



Tgh{Z)®{X®Y) 

{lg,h)z®lAx^Y 

TgTh{Z)^{X^Y) 



X(g,{ThiZ)(g,Y) 



X,Tf^(Z),Y 



TgT^(Z),X,Y 



{X ® Th{z)) ® y 

CX,T^(Z)&dY 

{TgTh{Z) X) y 



commutes for all g,h G G and objects X GCg, Y G Ch, Z G C. 

Remark 2.11. The trivial component Ce of a braided G-crosscd fusion category 
C is a braided fusion category with the action of G by braided autoequivalences. 
This can be seen by taking X, Y E Ce in diagrams (10) (12). 

Theorem 2.12 ([Ki, Mu4]). The equivariantization and de-equivariantization con- 
structions establish a bijection between the set of equivalence classes of G-crossed 
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braided fusion categories and the set of equivalence classes of braided fusion cate- 
gories containing Rep(G) as a symmetric fusion subcategory. 

We shall now sketch the proof of this theorem. An alternative approach is given 
in [DGNO]. 

Suppose C is a braided G-crosscd fusion category. We define a braiding c on its 
equivariantization C*^ as follows. 

Let {X, {ug}g(=a) and {Y, {wglgec) be objects in . Let X = (BgeG^g be a 
decomposition of X with respect to the grading of C. Define an isomorphism 
(13) 

cx,Y : X<3Y = Xg<3Y TgiY)<3Xg ^'"^""^ = Y<3X, 

geG g£G g&G 

It follows from condition (a) of Definition 2.10 that cx,y respects the equivariant 
structures, i.e., it is an isomorphism in C^. Its naturality is clear. The fact that c 
is a braiding on C*^ (i-c., the hexagon axioms) follows from the commutativity of 
diagrams (11) and (12). It is easy to check that c restricts to the standard braiding 
on Rep(G') = Vec'' C C^. Hence, contains a Tannakian subcategory Rcp(G). 

Conversely, let C be a braided fusion category with braiding c containing a Tan- 
nakian subcategory Rep(G). The restriction of the de-equivariantization functor 
F from (7) on Rep(G) is isomorphic to the fiber functor Rep(G) — > Vec. Hence 
for any object X in Cq and any object V in Rep(G) we have an automorphism of 
F{V) (8) X defined as the composition 

(14) F{V)(S) X ^ X (S) FiV) ^ F{V) X, 

where the first isomorphism comes from the fact that F{V) e Vec and the second 
one is (8). 

When X is simple we have an isomorphism Autc{F{V) X) = Autvec(^(^^)), 
hence we obtain a tensor automorphism ix of -F|rcp(g')- Since Aut,g,(_F|Rep(G)) — G 
we have an assignment A ix G G. The hexagon axiom of braiding implies 
that this assignment is multiplicative, i.e., that iz = ixiy for any simple object Z 
contained in X ^Y. Thus, it defines a G-grading on C: 

(15) C = Cg, where 0{Cg) = {X e 0{C) \ ix = g}. 

geG 

It is straightforward to check that iTg{x) = 9hg~^ whenever ix = h. 

Finally, to construct a G-crossed braiding on C observe that C and C"**"^ are 
embedded into the crossed product category C x G = {C^)^ as subcategories Cicft 
and Cright consisting, respectively, of functors of left and right multiplications by 
objects of C. Clearly, there is a natural family of isomorphisms 

(16) A0y^y®x, A e Cleft, F e Cright, 

satisfying obvious compatibility conditions. Note that Cieft is identified with the 

diagonal subcategory of C xi G spanned by objects A Kl g, A G Cg, g G G, and Cright 
is identified with the trivial component subcategory C K e. Using (6) we conclude 
that isomorphisms (16) give rise to a G-crossed braiding on C. 

One can check that the two above constructions (from braided fusion categories 
containing Rep(G) to braided G-crossed categories and vice versa) are inverses of 
each other, see [Ki, Mu4, DGNO] for details. 
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Remark 2.13. Let C = (BgecCg be a braided G-erossed fusion category. It was 
shown in [DGNO] that the braided category C'~^ is non-degenerate if and only if Cf. 
is non-degenerate and the G-grading of C is faithful. 

3. The center of a graded fusion category 

Let G be a finite group and let D be a fusion category. Throughout this section 
C will denote a fusion category with a faithful G-grading, whose trivial component 
is V, i.e., C is a G-extension of T>: 

(17) C = C„ Ce = V. 

geG 

In what follows we consider only faithful gradings, i.e., such that Cg ^ 0, for all 
g G G. An object of C contained in Cg will be called homogeneous of degree g. 

Our goal is to describe the center Z{C) as an equivariantization of the relative 
center Zti{C) defined in Section 2.2. 

3.1. The relative center Zx>{C) as a braided G-crossed category. Let us 

define a canonical braided G-crosscd category structure on Zxi{C). 
First of all, there is an obvious faithful G-grading on Zj){C): 

(18) Zt,{C) = ^ ZT,{Cg). 

geG 

Indeed, it is clear that for every simple object X of Zxi{C) the forgetful image of 
X in C must be homogeneous. 

Next, let us define the action of G on Zxi{C). Take g,h G G. 

Let Funx)KiDrev(Cg, Ch) denote the category of D-bimodule functors from Cg to 
Ch- Clearly, it is a .E('D)-bimodule category. 

Proposition 3.1. Let g,h G G. The functors 

Lg^h ■■ Zv{Ch) ^ Funi,^27-(Cg, Chg) : Z ^ (19) 
Rg,h ■■ Zv{Ch) ^ Funi,Ki,«„(Cg, Cgh) -.Z^I^Z. (20) 

are equivalences of Z{'D)-biniodule categories. 

Proof. Wc prove that (19) is an equivalence. Let Funx)(Cg, Chg) be the category of 
right I?- module functors from Cg to Chg. It suffices to prove that 

(21) Mg^h-Ch^Funv{Cg,Chg):X^X^'! 

is an equivalence. Indeed, P-bimodule functor structures on Mg_^(X) for X G Ch 
are in bijection with central structures on X. 

For every g G G choose a simple object Xg G Cg. Then Ag := Xg (E) X* is an 
algebra in V. The category of left A^-modules in C is equivalent to C as a right 
C-module category and the category of ^g-modules in V is equivalent to Cg as a 
right X>-module category. 

It follows that for all g,h G G there is an equivalence Y i-^ Xg®Y®X^g between 
C and the category of Ag — Ahg bimodules in C. 

It restricts to an equivalence between Ch and the category of Ag — Ahg bimodules 
in v. It is easy to see that the latter equivalence coincides with (21). 

The proof of equivalence (20) is completely similar. □ 
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'^g,h ■= Lg^gf^g-iRg,h ^ ^ X) {C h) ^ ( Q " i ) , g,he G, 



Let us define tensor functors 
(22) ^ — ''-^ 

and set 
(23) 



It follows that there is a natural family of isomorphisms: 

(24) cx,Y:X^Y^Tg{Y)^X, X € Cg, Y € Zd{C), geG, 

satisfying natural compatibility conditions. Since the grading (18) is faithful we 
have Tg{ZT,{Ch)) C ^^(Cg^g-ij. 

Take Xi e Cg^, X2 € Cg^ and set X = Xi (g) X2 in (24). We obtain a natural 
isomorphism 



Tg,Tg,{Y) (3X1(3X2 



rg,g,{Y)^X^^X2. 



and, hence, an isomorphism of functors Tg^Tg, 



Thus, the assignment 



g ^Tg \s. an action of G on Zx)(C) by tensor autoequivalences. 

Suppose that X is an object in Z{Cg). Then both sides of (24) have structure 
of objects in ^x)(C) obtained by composing central structures of X and Y. 

Lemma 3.2. Isomorphisms (24) define a G-braiding on Zx>{C). 

Proof. That isomorphisms (24) are indeed morphisms in Zd{C) follows from com- 

mutativity of the diagram 

(25) 

idx 05v „ Tr „ Tv^idy 



X(^Yi 

cx,Y ^idv 



V 



X<3V<3Y 




Tg{Y)^X^V- 



^Tg{Y)0V0X 




Tg{6)v'S>idx 



V<3X(3Y 

idv S)cx.Y 

V®Tg{Y)^X, 



where {X, 7) G Z-p(Cg), {Y, S) € Zx)(C), and V G V. Indeed, the parallelogram in 
the middle commutes by naturality of c, and the two triangles commute since the 
natural isomorphisms ? ig) F ^ Tg{Y)^ 1 :Cg ^ Cgh, g,h & G, commute with left 
and right actions of V. 

It is straightforward to check that isomorphisms Cx,y satisfy the compatibility 
conditions of Definition 2.10. □ 



The above constructions and arguments prove the following 

Theorem 3.3. Let G be a finite group and let C be a fusion category with a faithful 
G -grading whose trivial component is D. The relative center Zx>{C) has a canonical 
structure of a braided G-crossed category. 

RemEirk 3.4. In particular, to every G-extension of a fusion category T> we assigned 
an action of G by braided autoequivalences of -2(2?). This assignment is studied in 
detail in [EN03]. 
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3.2. The center Z{C) as an equivariantization. As before, let G be a finite 
group and let C be a fusion category with a faithful G-grading (17). Let Z-d{C) be 
the braided G-crosscd category constructed in Section 3.1. 

Theorem 3.5. There is an equivalence of braided fusion categories 

(26) ZT,{Cf^Z{C). 

Proof. We see from (24) that a G-equivariant object in Zt>{C) has a structure 
of a central object in C defined as in (13). It follows from definitions that the 
corresponding tensor functor Zxi{C)'^ 2{C) is braided. 

Conversely, given an object Y in Z{C) consider its forgetful image Y in Zxi{C). 
Combining the central structure of Y with isomorphism (24) we obtain natural 
isomorphisms 

f ® X ^ Tg{Y) $5' X, X e Cg, g e G, 

which give rise to a G-equivariant structure on Y. Hence, we have a tensor functor 
Z{C) — > Zj}{C)'^ . It is clear that the above two functors are quasi-inverses of each 
other. □ 

Let us describe the Tannakian subcategory £ = Rep(G) C Z{C) corresponding 
to equivalence (26). For any representation tt : G GL{V) of the grading group 
G consider an object I„ in Z{C) where = F 1 as an object of C with the 
permutation isomorphism 

(27) ci^^x ■='7^{g)^idx ■■ In ^ X = X ® I^, when XeCg. 

Then £ is the subcategory of Z{C) consisting of objects 7,r) where tt runs through 
all finitc-dimcnsional representations of G. 

Remark 3.6. Here is another description of the subcategory £: it consists of all 
objects in Z{C) sent to Vec by the forgetful functor Z{C) Zj){C). 

Corollary 3.7. LetC be a faithfully G- graded fusion category with the trivial com- 

ponenfD. Let £ = Rep(G) C Z{C) be the Tannakian subcategory constructed above. 
Then the de- equivariantization category {£')g is braided tensor equivalent to Z{T>). 

Proof. The statement follows from Theorem 3.5 since {£')g is the trivial component 
of the grading of Z{C)g = Zt,{C). □ 

Remark 3.8. The above assignment 

(28) {G-extensions of V} {braided G-crossed extensions of ZiT>)} 
can be thought of as an analogue of the center construction for G-extensions. 

Next, we describe simple objects of Z{C). For any conjugacy class if in G fix a 
representative ax G K. Let Gk denote the centralizer of in G. Note that the 
action (23) of G on Zxi{C) restricts to the action of Gk on Zx)(Co^). 

Proposition 3.9. There is a bijection between the set of isomorphism classes of 
simple objects of Z{C) and pairs (K.,X), where K is a conjugacy class of G and X 
is a simple Gx-equivariant object of ZxiiCan)- 

Proof By Theorem 3.5 we have Z(C) ~ Zx)(C)'^ so the stated parameterization is 
immediate from the description of simple objects of the equivariantization category 
given in Proposition 2.7. □ 
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3.3. A criterion for a graded fusion category to be group-theoretical. Wc 

have scon in Corollary 3.7 that Z{C) contains a Tannakian subcategory £ = Rep(G) 
such that the de-equivariantization {£')g is braided equivalent to Z{V), where V 
is the trivial component of C. Furthermore, by Remark 2.11, there is a canoni- 
cal action of G on ZiV), by braided autoequivalences. By [DGNO], Tannakian 
subcategories of Z{C) containing £ bijectively correspond to G-stable Tannakian 
subcategories of {£')g — Z(V). Combining this observation with Theorem 2.5(ii) 
we obtain the following criterion. 

Corollary 3.10. A graded fusion category C = ®g^Q Cg, Ce = T), is group- 
theoretical if and only if Z{p) contains a G-stable Lagrangian subcategory. 

We will use Corollary 3.10 in Section 4.4 to characterize group-theoretical Tambara- 
Yamagami categories. 

We can specialize Corollary 3.10 to equivariantization categories. Let G be 
a finite group acting on a fusion category C. The equivariantization is Morita 
equivalent to the crossed product category C x G, see Section 2.4, therefore, Z(C^) = 
Z{C X G). Clearly, the trivial component of Z{C x G)g is Z{C) and the canonical 
action of G on Z{C) is induced from the action of G on C in an obvious way. 

Corollary 3.11. The equivariantization C'^ is group-theoretical if and only if there 

exists a G-stable Lagrangian subcategory of Z{C). 

Remark 3.12. Let G act on C as before. One can check (independently from 
the results of this section) that the G-set of Lagrangian subcategories of Z{C) 
is isomorphic to the G-sct of indecomposable pointed C-modulc categories. This 
isomorphism is given by the map constructed in [NN, Theorem 4.17]. Thus, the 
criterion in Corollary 3.11 is the same as [Ni, Corollary 3.6]. 

3.4. Example: the relative center of a crossed product category. Let G 

be a finite group and lot g i-^ Tg, g € G, he an action of G on a fusion category T>. 
Let C := 2? XI G be the crossed product category defined in Section 2.4. It has a 
natural grading 

C = 0Cg, wheve Cg = {Ymg \Y &V}. 
geG 

Let us describe the braided G-crossed fusion category structure on the relative 
center 

geG 

By definition, the objects of Zjj{Cg) are pairs {Y Kl g, 7), where Y gV and 

(29) j = {jx:X(^Y^Y(^Tg{X)}xev 

is a natural family of isomorphisms satisfying natural compatibility conditions. 
Thus, Zj){Cg) can be viewed as a "deformation" of Z{V) by means of Tg. 

The action of G on D induces an action /i 1— > T/j on ^u(C) defined as follows. 
Applying Th, h G G, to 7t^_i(x) in (29) we obtain an isomorphism 

(30) 7x : X ® Th{Y) ^ Th{Y) T^gh-i {X). 

Set fh{Ymg, 7) := (T^(y) K hgh-\ 7). Thus, n maps Z-piCg) to Zv{Chgh-^)- 
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Finally, the G-braiding between objects (XH/i) e Z-D{Ch) and (F e Z-D{Cg) 
comes from the following isomorphism 

(X Kl /i) O (F Kl 5) = (X O Th{Y)) M hg 

^{Th{Y)<^Tugh-^{X))Mhg 

= {Th(Y) M hgh-'^) (g){Xmh) 

= fh{Y^g) ® (X^h). 

By Theorem 3.5, the category Z{T> Xi G) = Z(V^) is equivalent to the equivari- 
antization of the above braided G-crossed category. 

4. The centers of Tambara-Yamagami categories 

Our goal in this section is to apply techniques developed in Section 3 to Tambara- 
Yamagami categories introduced in [TY] (see Section 4.1 below for the definition). 
Namely, using the techniques in Section 3 we establish a criterion for a Tambara- 
Yamagami category to be group-theoretical. We then use this criterion together 
with Corollary 3.11 to produce a series of non group-theoretical semisimple Hopf 
algebras. In this section we assume that our ground field k is the field of complex 
numbers C. We begin by recalling the definition of Tambara-Yamagami category. 

4.1. Definition of the Tambcira-Yamagami category. In [TY] D. Tambara 
and S. Yamagami completely classified all Z/2Z-graded fusion categories in which 

all but one simple object are invertible. They showed that any such category 
Ty{A, X, t) is determined, up to an equivalence, by a finite Abelian group A, 
a non-degenerate symmetric bilinear form x : ^ x ^ — * fc^, and a square root 
T G fc of 1^1""'^. The category T3^(7l,x, r) is described as follows. It is a skeletal 
category (i.e., such that any two isomorphic objects are equal) with simple objects 
{a I a e ^} and m, and tensor product 

a^h = a + b, a^m = m, m(S>a = m, m(g)m = ^^a, 

aeA 

for all a,b £ A, and the unit object £ A. The associativity constraints are given 

by 

^a,b^c — ida-t-6-t-C) ^a,b^m — idm? 

aa,m,b =x(a, 6)idm, am,a,b = idm, 

aa,m,m = ^ i^b, am,a,m = ^ X{0;b) idfo, 

beA beA 

0^m,m,a — idfc, OLm,m,m — '''X('^) ^) idm • 

b^A a,6eA 

The unit constraints are the identity maps. The category Ty{A, x, t) is rigid with 
a* = —a and m* = m (with obvious evaluation and coevaluation maps). 

Let n := |^|. The dimensions of simple objects of Ty{A,x,T) are FPdim(a) = 
1, a€ A, and FPdim(m) = y^. We have FPdim(Ty(A, x, r)) = 2n. 

Let Z/2Z = {1, S}. The Z/2Z-grading on Ty{A, x, t) is 

Ty{A, X, r) = Ty{A, x, r)i ® Ty{A, x, t)s 

where Ty{A, x, r)i is the full fusion subcategory generated by the invertible objects 
a G A and Ty{A, x, t)s is the full abelian subcategory generated by the object m. 
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Let C := Ty{A, x, r) and V := Ty{A, x, r)i . 

4.2. Braided Z/2Z-crossed category Zx>{C). First, let us describe the simple 
objects of Z-d{C) = 2{Ci) © Z-d{Cs). Let A := Hoin(A,A:^). Clearly, 2{Ci) = 
Z(VecA), so its simple objects are parameterized by {a,(f)) G A x A. The object 
^{a.4,) corresponding to such a pair is equal to a as an object of C and its central 
structure is given by 

(31) (j){x) ida+x ■■ X (g) ^(a,0) ^ X{a,,l,) X. 

Using Definition 2.1 we see that simple objects of Zt>(Cs) are parameterized by 

functions p : A ^ satisfying 

(32) p{a + b)=x{a,b)-^p{a)p{h), a,b & A 

(clearly, such functions form a torsor over A). The corresponding object Zp is equal 
to m as an object of C and has the relative central structure 

(33) p{x) idm : x®Zp^Zp®x, x ^ A. 

Let A ^ A : a i~> a be the homomorphism defined by a{x) = x{x, a). Similarly, 
let A — !■ A : (/) (/) be the homomorphism defined by (t>{x) = x{x, <j>) (recall that x 
is non-degenerate). Clearly, these two maps are inverses of each other. 

The fusion rules oi Zt,{C) are computed using formula (3) : 

^ia,<j>) Zp — 

Zp (g) X(^a,<p) = Zpcf,(-a), 

Zp' ® Zp= X{a;a,p' j-p)- 

We have X*^ = X(^_a-^) and Z* = Zp, where p{x) = p{—x), x G A. 

Using the construction given in Section 3.1 we see that the action of Z/2Z on 

Z-piC) is given by 

(34) Ti = id2^(^cy, r5(X(„_^)) = Ts{Zp) = Zp. 

The monoidal functor structure on Z/2Z Aut^{Zj){C)) is given by the natural 
isomorphism 7 := 75^5 -.TgoTs — > Ti defined by 

7X(„,^) = (f>ia) idx(<.,^) , 7z, = T ^ pix)'^ idz, • 

V xeA J 

The crossed braiding morphisms on Zxi{C) are given by 

cx^a.<i,),Zp = p{a) idm : X^^a,<t>) ® Zp ^ Zp® X(^a,<j>) 
cz^,X(„,^) = idm : Zp O ^ j_ O Zp 

cz^,,Zp = ®aeA p{-a)~^ ida : ^p' iSiZp^ Zpigi Zp,. 
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4.3. The equivariantization category Zd(C)^/'^^. A simple calculation of Z/2Z- 
equivariant objects in Zt>{C) establishes the following. 

Proposition 4.1. The following is a complete list of simple objects of Zt>{C)^^'^^ = 

•Z(T3^(A, X, r)) up to an isomorphism: 

(1) 2n invertible objects parameterized by pairs (a, e), where a ^ A and = 
x{a, a)~^ . The corresponding object Xa,e is equal to X(^a,-a) o-s an object of 
Zjj{C) and has Z/2Z—equivariant structure 

(2) "^"^ two-dimensional objects pa>ram,eterized by unordered pairs (a, 6) of 
distinct objects in A. The corresponding object Fa, 6 is equal to X^.^ © 
X{b-a) as an object of Zx>{C) and has Z/2Z—equivariant structure 

®x{a, b)-' idx<,,_a,) ■ Ts{X^^ _^ ® X^,^_^^) ^ X^^ _-^^ ® X(,^_^y, 

(3) 2n y/n— dimensional objects parameterized by pairs {p,A), where p : A ^ 

satisfies (32) and A'^ =T'l2xeA Pi^)~^ ■ '^^^ corresponding object Zp^^ 
is equal to Zp as an object of Zt>{C) and has 'L/2'L—equivariant structure 

A\dz^:Ts{Zp)^ Zp. 

Recall from [ENOl] that in a braided fusion category of an integer Frobenius- 
Perron dimension there is a canonical choice of a twist such that the categorical 
dimensions of objects coincide with their Frobenius-Perron dimensions. Namely, 
for any simple object X the scalar Ox is defined in such a way that the composition 

(35) 1 x®X* . X*®X^1 

is equal to FPdim(X) idx- 

Let be the canonical twist on Z{C). Using the above observation, explicit 
formulas from Subsection 4.2, and Section 2.6, we immediately obtain the following. 

^x„,e = X(«, a)-\ By^,, = X{a, b)-\ Bz,,^ = A. 

Using the fusion rules of Z{C) (which may be computed using the explicit formulas 
in Subsection 4.2), values of the twists above, and the well known formula 

(36) Sx,Y = e-^^Oy^ Nx,YOzdz 

z 

we obtain the S- and T-matrices of Z{C): 

Sxa,,,x^,^^, = x{a, a'f, 5'x<...,Yi,,, = 2x{a, b + c), 

'S'x„,e,Xp,A = ^Vnp{a), Sy^^Ycd = 2 (x(a, d)xib, c) + x{a, c)x{b, d)) , 

Tx^,.=x{a,a)-\ Ty^^, = xia,b)-\ Tz^,^ = A. 

Proposition 4.2. The maximal pointed subcategory of Z{C) is non- degenerate if 
and only if \A\ is odd. 

Proof. Let a e A be an element of order 2. Then Xq^j centralizes every invertible 
object of .E(C). ' □ 
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Remark 4.3. We note that simple objects and the S- and T-matrices of Z(C) were 
described by Izumi in [I] using very different methods. 

4.4. A criterion for a Tambara-Yamagami category to be group-theoretical, 

The group A x A \s equipped with a canonical non-degenerate quadratic form 

q : A X A ^ given by 

(7((a») := 0(a), (a, 0) G A x A 

We will call a subgroup B C Ax A Lagrangian if gjs = 1 and B = B-^ with respect 
to the bilinear form defined by q. Lagrangian subgroups of A x A correspond to 
Lagrangian subcategories of ^(Vec^) — Vec^^^. 

The braided tensor autoequivalence Ts of Z^Vsca) defined in Section 4.2 deter- 
mines an order 2 automorphism of ^ x ^, which we denote simply by S: 

(37) <5((a, 0)) = (-0, -a), (a, <j))eAxA. 

Definition 4.4. We will say that a subgroup L (Z A is Lagrangian (with respect 
to if i = L-^ with respect to the inner product on A given by x- Equivalently, 
|L|2 = \A\ and x\l = 1- 

Lemma 4.5. Let A be an Abelian 2-group such that \A\ = 2^" and let x be a non- 
degenerate symmetric bilinear form on A. Then A contains a Lagrangian subgroup. 

Proof. It suffices to show that A contains an isotropic element, i.e., an element 
X € A, X ^ such that x{x,x) = 1. Then one can pass from A to {x)-^ /{x) and 
use induction. 

Suppose that A is cyclic with a generator a. Then 2^"a = and x(a, a) is a 
22"-th root of unity, hence x(2"a, 2"a) = x(a, of"" = 1. 

If A is not cyclic then it contains a subgroup = Z/2Z © Z/2Z. Let Xi, X2 be 
distinct non-zero elements of Aq. Suppose xi^i^ ^i) 7^ 1, i = 1, 2. Then xi^i^ ^i) = 
— 1 and x(a;i + X2, x\ + x-i) = 1, as desired. □ 

Theorem 4.6. Let C = Ty{A, x, t) be a Tambara-Yamagami fusion category. 
Then C is group-theoretical if and only if A contains a Lagrangian subgroup (with 
respect to x)- 

Proof. By Corollary 3.10, C is group-theoretical if and only if Z(p) contains a Te- 
stable Lagrangian subcategory. Equivalently, C is group-theoretical if and only if 
Ax A contains a Lagrangian subgroup B stable under the action 

(38) (a,<^)^(^,a). 

This condition on B is the same as being stable under the action of 5 from (37). 

Let i be a Lagrangian (with respect to x) subgroup of A and let L {a | a G L}. 
Then L x L is a Lagrangian subgroup oi Ax A stable under (38). Hence C is group- 
theoretical. 

Conversely, suppose that C is group-theoretical. Let us write A = Aovon © ^oddi 
where Aeven is the Sylow 2-subgroup of A and ^odd is the maximal odd order 
subgroup of A. Since \A\ must be a square, we conclude that l^evenl is a square, 
and so Aovon contains a Lagrangian subgroup with respect to xUcvcn by Lemma 4.5. 

So it remains to show that Aodd contains a Lagrangian subgroup with respect 
to xUodd- ■Po'^ assume that \A\ is odd. Let B d Ax Ahe & 
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Lagrangian subgroup stable under (38). Then B = B+ ® B-, where 

B± := {(a,±a) | (a,±a) G B}. 

Let L± = B± n {A X {1}). Then = \A\, and x\l± = 1- Hence, L± are 

Lagrangian subgroups of A. □ 

Remark 4.7. It was observed in [ENOl, Remark 8.48] that for an odd prime p 
and elhptic bicharacter x on A = (Z/pZ)^ the category Ty{{Z/pZ)^ ,x,t) is not 
group-theoreticaL The criterion from Theorem 4.6 extends this observation. 

4.5. A series of non group-theoretical semisimple Hopf algebras obtained 
from Tambara-Yamagami categories. Here wc apply Corollary 3.11 to pro- 
duce a series of non group-theoretical fusion categories admitting fiber functors 
(i.e., representation categories of non group-theoretical semisimple Hopf algebras), 
generalizing examples constructed in [Ni] . 

Let A be a finite Abelian group with a non-degenerate bilinear form x- Lst 
Aut{A,x) denote the group of automorphisms of A preserving x- 

The following proposition was proved in [Ni, Proposition 2.10]. 

Proposition 4.8. There is an action ofAut{A, x) on Ty{A, x, t) given hy g ^ Tg, 
where 

Tg{A)=g{a), Tg{m) = m, a & A, g & kni{A,x), 
with the tensor structure of Tg given by identity morphisms. 

Corollary 4.9. Let G he a subgroup of k\xi{A,x). Then the fusion category 
Ty{A, X, t)^ is group-theoretical if and only if there is a Lagrangian subgroup of 
{A, x) stable under the action of G. 

Proof. Combine Corollary 3.11 and Theorem 4.6. □ 

We will say that a non-degenerate symmetric bilinear form x '■ ^ ^ ^ ^ is 

hyperbolic if there are Lagrangian subgroups L, L' C A such that A = L(BL'. Note 
that in this case L' is isomorphic to the group L = Hom(L, k^) of characters of L 
and X is identified with the canonical bilinear form on L (S L. 

It was shown by D. Tambara in [Tal] that when n = \A\ is odd the category 
Ty{A,x,T) admits a fiber functor (i.e., Ty{A,x,T) is equivalent to the represen- 
tation category of a semisimple Hopf algebra) if and only if is a positive integer 
and X is hyperbolic. 

Corollary 4.10. Let p be an odd prime, let L = (Z/pZ)^, N>1, let A = L®L, 
and let X' Ax A ^ be the canonical bilinear form defined by 

X{{a, (/)), (6, V)) = i^{a)(j){b), a,b G A, <j>,i: G A. 

Suppose that G is a subgroup of Aut{A, x) not contained in any conjugate of 
Aut(L) C Aut(A, x)- Then the equivariantization category Ty{A, x, p~'^)'^ is 
a non group-theoretical fusion category equivalent to the representation category of 
a semisimple Hopf algebra of dimension 2p'^'^\G\. 

Proof. Note that Aut(A, x) acts transitively on the set of Lagrangian subgroups of 
{A, x) and the stabilizer of L is Aut(L). Apply Corollary 4.9. □ 

Remark 4.11. The series of fusion categories in Corollary 4.10 extends the one 
constructed in [Ni], where the case of N = 1 and G = Z/2Z was considered. 
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5. Examples of modular categories arising from quadratic forms 

As before, let C := Ty[A,x,T) be a Tambara-Yamagami category and let V := 
Ty{A,x,T)i be the trivial component of Z/2Z— grading of T3^(A,x, t). In this 
section we assume that our ground field k is the field of complex numbers C. 

Suppose that the symmetric bicharacter x : Ax A ^ comes from a quadratic 
form on A, i.e., there is a function g : A — > fc^ such that 

g(a + 6) = g(a)g(6)x(a, 6), a,h&A and q{—a) = q{a). 

^From the description obtained in Section 4.2 we observe that Zxi{C) contains a 
fusion subcategory spanned by the simple objects X((j2),a G A, and Z^-i. It is 
clear from the Tambara-Yamagami classification in Section 4.1 that this category 
is equivalent to C. 

Proposition 5.1. Suppose that the symmetric bicharacter x comes from a qua- 
dratic form on A. Then C admits a 'Lj^TL-crossed braided category structure. The 
equivariantization C^/'^^ is nan- degenerate if and only if \A\ is odd. 

Proof. Clearly, C inherits the Z/2Z-crossed braided category structure from Zxi{C). 
The non-degeneracy claim follows from Proposition 4.2 and Remark 2.13. □ 

Let us assume that n := \A\ is odd. Then x corresponds to a unique quadratic 
form q. Let £{q, ±) := C^/^^ be the modular category constructed in Proposition 5.1 
(the ± corresponding to r = i"^: respectively). In what follows we describe the 
fusion rules and S- and T-matrices of £{q, ±). 

5.1. Fusion rules of £. Clearly, £{q,±) is a fusion category of dimension An. It 
has the following simple objects: 

two invertible objects, 1 = X+ and X_, 

^^^^ two-dimensional objects Ya, a E A — {0} (with Y-a = Ya) 
two Y^-dimcnsional objects Zi, I Cz Z/2Z. 
Here we simplify the notation used in Subsection 4.3 and denote 

X± := Xo,±i, Ya := Ya-a, and Zi := 2',-i,a,, 
where A;, / e Z/2Z, are distinct square roots of X^asA li^^)- 
The fusion rules of £{q, ±) are given by: 

X_(^X_=X+, X±(^Ya = Ya, X+(^Zi =Zi, 

X-(S)Zl = Zl+i , Ya(^Yb = Ya+b © Ya-h, Ya®Ya =X+®X^® Yia, 

Ya®Zi =Zq®Zi, Zi®Zi = X+ ® (® Ya) , Zi ® Zi+i = X_ © (© Ya) , 

where a, b E A {a ^ h) and I E Z/2Z. All objects of £{q, ±) are self-dual. 

Remark 5.2. Note that the fusion rules of £{q, ±) do not depend on the quadratic 
form q and the number r. We show below that the S- and T-matrices of £{q,±) 
do depend on q and r. 

5.2. S- and T-matrices of £. 

Lemma 5.3. The Gauss sums corresponding to q and q"^ are equal up to a sign, 
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Proof. Consider the group Ax A with a non-degenerate quadratic form Q = q x q. 
The Gaussian sum for this form is 

t{AxA,Q)= J2 q{a)q{b)=T{A,qf. 

a,b£A 

The restriction of Q on the diagonal subgroup D := {{a,a) \ a G A} is non- 
degenerate since \A\ is odd. The restriction of Q on the orthogonal complement 
D-^ = {{a, —a) I a e ^} is non-degenerate as well. By the multiplicativity of 
Gaussian sums wc have 

t(A xA,Q)= t{D, Q)t{D^,Q) = q{aff, 

which implies the result. □ 

Using the formulas for the S- and T- matrices of Z{C) given in Subsection 4.3 
we can write down the S- and T- matrices of £{q, ±): 

Sx±,x± = 1, Sx^,x± = 1, Sx±,Ya = 2, 

t>x+,Zi -Vn, bx.,zi --Vn, bYa,Y„ - 2, + 



SYa,,Zi = 0, Szi,Zi = 



^Zi,Zi^i 



q{aYq{hY q{a + bY 

±^/n, if the Gauss sums of q and q^ coincide, 

^•\/n, otherwise, 

=F\/ri, if the Gauss sums of q and q^ coincide, 

±\/n, otherwise. 



(Recall that A;, Z e Z/2Z, are distinct square roots of J2aeA 

5.3. Example with A ~ Z/pZ x Z/pIj. Let p be an odd prime and let A := 
Z/pZ X Z/pZ. Let (-) denote the Legendre symbol modulo p, i.e., (|) = 1 if 
a e (Z/pZ)^ is a square modulo p and —1 otherwise. 

Lot a, & G (Z/pZ)^ and ^ := e~p~. Consider the following nondegenerate qua- 
dratic form q on A: 

g(xi,:r2)=r"'"''"^- 
It is hyperbolic if (f) = 1 and elhptic if (^) = -1. 
We will need the following. 

Lemma 5.4. For every a,b G A^ , we have 

(|)^, z/p=l(mod4), 



anrf 



\(f)*V^, i/p = 3(mod4) 



(xi,x2)ez/pZxz/pZ 



Proof. The first assertion is well known, see for example [R] . The second assertion 
is an easy consequence of the first. □ 
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Using Lemma 5.4 we can explicitly write the S'-matrix of £(q, ±): 

Sx±,x± = 1, Sx:^,X± = 1) 

Sx+,z, =P, Sx_,Zi = -p, 
^Y^xi,X2)<Zi =0, Szi,z, = ±P, 

and its T-matrix: 

TX± = 1, IV(Xi,X2) 

where Aj, I € Z/2Z, are distinct square roots of ±(^)- 
The central charge of the modular category £{q, ±) is 

cw«.±)) = (7)- 

Below we give the S- and T-matrices of the modular category £{q, ±) for p = 3. 
Order simple objects of £{q, ±) as follows: 1, X_, Y(o,i), Y(i,o), i^(i,i), ^(1,2), -^+5 
There are four modular categories £{q,±) of dimension 36 corresponding to the 
choices of hyperbolic/elliptic q and r = ±|. 

(a) When q is hyperbolic we have: 



S = 



/I 1 2 2 2 


2 


3 3 \ 


112 2 2 


2 


-3 3 




2 2 -2 4 -2 


-2 







2 2 4 -2 -2 


-2 







2 2-2-24 


-2 







2 2-2-2 -2 


4 







3 -3 





±3 t3 




V3 -3 





T3 ±3,/ 




diag{l,l,e2 1,1,1, - 


-1} 


when r 


1 

~ 3' 


diag{l,l,^^,^, l,l,i,- 


-0 


when r = 


1 

Q 



Note that both the corresponding modular categories are group-theoretical 
with central charge 1; in fact the one with r = | is equivalent to the repre- 
sentation category of the double D(Ss) of the symmetric group S3 and the 
one with r = — | is equivalent to the twisted double of S3. 



^X±,Y(^^,^^^ -2, 



*^^(xi ,X2) '^(yi ,y2) 
^Z,,Zi+i 



4 J^g^^4aa;i3/i-46x2j/2 ^ 

^ TP, 



-2bxi 
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(b) When q is elliptic wc have: 



S = 



/I 


1 


2 


2 


2 


2 


3 3 \ 


1 


1 


2 


2 


2 


2 


-3 3 


2 


2 


-2 


4 


-2 


-2 





2 


2 


4 


-2 


-2 


-2 





2 


2 


-2 


-2 


-2 


4 





2 


2 


-2 


-2 


4 


-2 





3 


-3 














±3 t3 


\3 


-3 














T3 ±3,/ 



T = diag{l,l,e,$,e^e^^,-^} whenr= ^, 

T = diag{l, 1, ^, 1, -1} when r = ~. 

Both the corresponding modular categories are not group-theoretical. They 
both have central charge —1 and so are not equivalent to centers of fusion 
categories. In particular, they are not equivalent to representation cate- 
gories of any twisted group doubles. 



5.4. Example with A = Z/pZ. Let p be an odd prime and let A := Z/pZ. Let 
a e (Z/pZ) ^ and ^ := e~ . Upto isomorphism the are two nondegenerate quadratic 
forms q on A: 

q{x)=e''\ 

one corresponding to (|) = 1 and another to (^) = — 1. 

Using Lemma 5.4 we can explicitly write the S'-matrix of £{q, ±): 

Sx±,x± = 1, ^x^,x± = 1, 

Sx^,z, = a/P, Sx-,Zi = - \/p, 

SYa,Z, =0, Sz,,z, =±(^)v^, 



Sx±,Y-c = 2, 
Sy^^y, =4Re(C^«-^), 

Szi,zi+, = T (h V?- 



Zi 



A, 



where 



A;, Z e Z/2Z, are distinct 



square roots of ± (|), if p = 1 (mod 4), 
square roots of ± (^)z, if p = 3 (mod 4). 



The central charge of the modular category £{q, ±) is 



C(^(9,±)) = 



(f), ifp=l(mod4), 

if p = 3(mod4). 



Below we give the S- and T-matrices of the modular category £{q,±) for p = 
3 and 5. For p = 3 we order the simple objects as 1, X_,Yi, Zq, Zi and for p = 5 
we order them as 1, X_, Fi, I2, Zo,Zi. (In (c) and (d) below, ^ = e~^.) 
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(a) When p = 3 and a = 1 wc have: 



/I 1 2 VS V3 \ 
112 -^/3 -^/3 

2 2 -2 
V3 -V3 T%/3 ±^/3 
V\/3 -V3 ±V3 TV^y 

-l + iV3 1 + i 



S = 



T = diagn,l, 



T = diaga,l, 



2 ' ^/2 ' \/2 



when T = — =, 
\/3 



when 



1 

7!" 



The central charge of both the corresponding modular categories is i. 
(b) When p = 3 and a = 2 we have: 



S = the 5-matrix in (a) 

-l-iV3 1-i -1 + i 



T = diagn,l, 



T = diaga,L 



2 ' x/2 ' x/2 _ 

-l-i\/3 1 + i 

2 '^'^2~ 



when T = — 
\/3 



when 



The central charge of both the corresponding modular categories is —i. 
(c) When p = 5 and o = 1 we have: 



S = 



f 1 


1 


2 


2 


75 \/5 \ 


1 


1 


2 


2 


-V5 -Vs 


2 


2 


V5- 1 


-Vs- 1 





2 


2 


-\/5- 1 


\/5- 1 





75 


-a/5 








T\/5 ±\/5 




-V5 








±75 t75/ 



T = diag{l,l,C^C^l,-l} whenr = 
T = diag{l, l,^^,C^i,-i} when r = - 



75' 
1 



The central charge of both the corresponding modular categories is — 1. 
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(d) When p = 5 and a = 2 we have: 



S = 



( 1 


1 


2 


2 


a/5 75 \ 


1 


1 


2 


2 


-75 -75 


2 


2 


-75-1 


a/5-1 





2 


2 


75-1 


-75-1 





^/5 


-^/5 








t75 ±75 


V\/5 


-^/5 








±75 t75/ 



T = diag{l,l,^,^^,i,-i} when r = — , 

75 

T = diag{l,l,^,C^l,-l} whenT = --^. 
The central charge of both the corresponding modular categories is 1. 

6. Appendix: Zeroes in ^-matrices 

There is a classical result of Burnside in character theory saying that if x is an 
irreducible character of a finite group G and x(l) > 1 then x{g) = for some 
g&G, see [BZ, Chapter 21]. 

In this appendix we establish a categorical analogue of this result for weakly 
integral modular categories. Recall [EN02] that a fusion category C is called weakly 
integral if its Frobenius-Perron dimension is an integer. In this case the Probenius- 
Perron dimension of every simple object of C is the square root of an integer [ENOl]. 

Let C be a weakly integral modular category with the S'-matrix S. Let 0(C) 
denote the set of all (representatives of isomorphism classes of) simple object of C. 
Given X e 0{C) define the following sets: 

Tx = {Y& 0{C) I Sx,Y = 0}, 

Dx = 0{C) - [Tx U {1}). 

Clearly, we have a partition 0{C) =TxUDx U {1}. Let Tx and Vx be full Abehan 
subcategories of C generated by Tx and Dx, respectively. 

Let K be the field extension of Q generated by the entries of 5*. It is known 
[dBG, CG] that there is a root of unity ^ such that K C Q(0- particular, 
the operation of taking the square of an absolute value of an element of S is well 
defined. Let G := Gal(_ft'/Q). Every clement a E G comes from a permutation a 
of 0(C) such that a{Sx,Y) = Sx,a{Y) for all X,Y e 0{C). 

Let C be a weakly integral modular category. It was shown in [ENOl] that there 
is a canonical spherical structure on C such that categorical dimensions in C coincide 
with Frobenius-Perron dimensions. Let us fix this structure for the reminder of this 
section. For any X G 0{C) let dx denote the dimension of X. For any full abelian 
subcategory ^ of C let dim(>l) denote the sum of squares of dimensions of simple 
objects of A. 

Theorem 6.1. Let C be a weakly integral modular category with the S-matrix S. 
Then Tx is not empty for every non-invertible simple object XofC. That is, every 
row (column) of S corresponding to a non-invertible simple object contains at least 
one zero entry. 

Proof. Note that the statement of Proposition does not depend on the choice of 
spherical structure. 
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We have J^YeOiC) \^x,y 
(39) 



1 



dim(C) 



E 



dx 



^ = diin(C), hence, 

1 + dim(Tjc) 
d'x 




S 



X.Y 



dx 



YeDx 

where dx denotes the dimension of X. It suffices to check that 

2 



dim{Vx) 



d\ 



(40) 



1 



E 



Y^Dx 

l+dim(Tx: 



dim(Dx) 

since then (39) imphes that 1 < ^ 

(41) dim(T;c) > 4 - 1. 



> 



dx 

whence 



1 

4 



But X is non-invertible so > 1 and 73s: 7^ 0. 

Rewriting the left hand side of (40) as the sum of c\m\{T>x) terms and using the 
inequahty of arithmetic and geometric means we obtain 



1 



dim(Px) 



1 



dim(Px) 



dl 



S 



X.Y 



dxdY 




dy 



2di 



The set Dx is clearly stable under all automorphisms in the Galois group, and 

2dl 



hence so is the product HreDx " Therefore, this product belongs to Q. 

Its factors arc squares of absolute values of characters of Ki^{C) on X and hence are 
algebraic integers. Since all factors are positive, the product is > 1, which implies 
(40). □ 



For X G 0{C) define 

Ux = {Y& 0{C) I \Sx,y\ = dY}. 

Let Ux be the full Abelian subcategory of C generated by Ux- 

Proposition 6.2. Let C be a weakly integral modular category and let X be a simple 
non-invertible object inC. Then 

(42) 3 dim(Tx) + dmi{Ux) > dim(C). 

Proof. We may assume dx > V^. 

We will use the following theorem of Sicgel [Si] from number theory. Let K/Q be 
a finite Galois extension with the Galois group G = Gal(i4r/Q) . Let a be a totally 
positive algebraic integer in K, a ^ 1. Then 
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We apply this to the situation when K is the extension of Q generated by entries 
of S. We compute 

dini(C) = \Sx,Y? 

YeC 

Y&Ux yeo(c)-(TxUC/xU{i}) 

i'eo(c)-(TxU(7xu{i}) V ' o-gG ^ y ^) 

> 2 + dim(Wx) + ^(dim(C) - dim(rx) - dim(Z^x) - 1), 

therefore 3dim(73(:) + dim(Wx) > dim(C) + 1 > dim(C), as required. □ 

Remark 6.3. Our proofs of Theorem 6.1 and Proposition 6.2 imitate the corre- 
sponding proofs for group characters given in [BZ]. 

References 

[AG] S. Arkhipov and D. Gaitsgory, Another realization of the category of modules over the 

small quantum group, Adv. Math. 173 (2003), no. 1, 114-143. 
[BK] B. Bakalov, A. Kirillov Jr., Lectures on Tensor categories and modular functors, AMS, 

(2001). 

[Br] A. Bruguicrcs, Categories premodulaires , modularization et invariants des varietes de 

dimension 3, Mathematischc Annalcn, 316 (2000), no. 2, 215-236. 
[BZ] Ya.G. Berkovich, E.M. Zlnimd', Characters of Finite Groups. Part 2, Translations of 

Mathematical Monographs, volume 181, American Mathematical Society. 
[CG] A. Goste, T. Gannon, Remarks on Galois symmetry in rational conformal field theories, 

Phys. Lett. B 323 (1994), no. 3-4, 316-321. 
[dBG] J. de Boere, J. Goeree, Markov traces and IIi factors in conformal field theory, Comm. 

Math. Phys. 139 (1991), no. 2, 267-304. 
[D] P. Dclignc, Categories tannakiennes. The Grothcndicck Festschrift, Vol. II, 111—195, 

Progr. Math., 87, Birkhiiuscr Boston, Boston, MA, 1990. 
[DGNO] V. Drinfeld, S. Gclaki, D. Nikshych, and V. Ostrik, On braided fusion categories I 

(a preliminary version: Group-theoretical properties of nilpotent modular categories, 

arXiv:0704.0195v2 [math.QA]). 
[ENOl] P. Etingof, D. Nikshych, V. Ostrik, On fusion categories. Annals of Mathematics 162 

(2005), 581-642. 

[EN02] P. Etingof, D. Nikshych, V. Ostrik, Weakly group-theoretical and solvable fusion cate- 
gories, arXiv:0809.3031. 

[EN03] P. Etingof, D. Nikshych, V. Ostrik, Fusion categories and homotopy theory, in prepara- 
tion. 

[G] D. Gaitsgory, The notion of category over an algebraic stack, arXiv;0507192vl 

[math. AG]. 

[GN] S. Gelaki, D. Nikshych, Nilpotent fusion categories, Advances in Mathematics 217 (2008) 
1053-1071. 

[I] M. Izumi, The structure of sectors associated with Longo-Rehren inclusions II. Examples, 

Reviews in Mathematical Physics, 13(2001), Issue 05, 603-674. 
[K] C. Kassel, Quantum groups. Graduate Texts in Mathematics, 155, Springer- Verlag, 

(1995). 

[Ki] A. Kirillov, Jr. Modular categories and orbifold models II, arXiv:0110221 [math.QA]. 
[Ma] S. Majid, Representations, duals and quantum doubles of monoidal categories. Rend. 

Circ. Mat. Palermo (2) Suppl., 26 (1991), 197-206. 
[Mul] M. Miiger, Galois theory for braided tensor categories and the modular closure, Adv. 

Math. 150 (2000), no. 2, 151-201. 



CENTERS OF GRADED FUSION CATEGORIES 



27 



[Mu2] M. Miigcr, On the structure of modular categories, Proc. Land. Math. Soc, 87 (2003), 
291-308. 

[Mu3] M. Miiger, From subfactors to categories and topology. I. Probenius algebras in and 
Morita equivalence of tensor categories., J. Pure Appl. Algebra 180 (2003), no. 1-2, 
81-157. 

[Mu4] M. Miiger, Galois extensions of braided tensor categories and braided crossed G- 

categories, J. Algebra 277 (2004), no. 1, 256-281. 
[NN] D. Naidu and D. Nikshych, Lagrangian subcategories and braided tensor equivalences of 

twisted quantum doubles of finite groups, Communications in Mathematical Physics 279 

(2008), no. 3, 845-872. 

[Ni] D. Nikshych, Non group-theoretical semisimple Hopf algebras from group actions on 
fusion categories, Selecta Mathematica, 14 (2008) 145-161. 

[O] V. Ostrik, Module categories, weak Hopf algebras and modular invariants. Transform. 
Groups, 8 (2003), 177-206. 

[R] I. K. Rosen, A classical introduction to modem number theory, Graduate Texts in Math- 
ematics, 84, Springer- Verlag, (1990). 

[S] J. A. Siehler, Braided Near-group Categories, arXiv: 0011037 [math.QA]. 

[Si] C.L. Siegel, The trace of totally positive and real algebraic integers, Ann. Math., 46 
(1945), 302-312. 

[Tal] D. Tarnbara, Representations of tensor categories with fusion rules of self-duality for 

abelian groups, 1st. J. Math. 118 (2000), 29-60. 
[Ta2] D. Tambara, Invariants and semi-direct products for finite group actions on tensor 

categories, J. Math. Soc. Japan 53 (2001), no. 2, 429-456. 
[TY] D. Tambara, S. Yamagami, Tensor categories with fusion rules of self-duality for finite 

abelian groups, J. Algebra 209 (1998), no. 2, 692-707. 
[Tul] V. Turaev, Homotopy field theory in dimension 3 and crossed group- categories, 

arXiv:math/0005291. 

[Tu2] V. Turaev, Crossed group- categories, Arabian Journal for Science and Engineering, 33, 
no. 2C, 484-503 (2008). 

S.G.: Department of Mathematics, Technion-Israel Institute of Technology, Haifa 
32000, Israel. 

E-mail address: gelakiamath.technion.ac.il 

D.N.: Department of Mathematics, Texas A&M University, College Station, TX 
77843, USA. 

E-mail address: dnaiduamath.tamu.edu 

D.N.: Department of Mathematics and Statistics, University of New Hampshire, 
Durham, NH 03824, USA. 

E-mail address: nikshychamath.unh.edu 



